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ABSTRACT 

Based on t h e o r i e s  of laminate a c i s o t r o p i c  e l a s t i c i t y  and in t e r l amina r  f r ac -  

t u r e ,  t he  complete s o l u t i o n  s t r u c t u r e  a s soc ia t ed  with a composite delamination 

i s  determined. Fracture  mechanics parameters c h a r a c t e r i z h g  the  in t e r l amina r  

crack behavior a r e  defined from asymptotic stress s o l u t i o n s  f o r  delaminations 

with d i f f e r e n t  crack-t ip  deformation configurat ions.  A numerical method employ- 

ing  s i n g u i a r  f i n i t e  elements i s  developed t c  s tudy delaminations i n  f i b e r  com- 

p o s i t e s  with any a r b i t r a r y  corcbinatiocs of l a n i n a t i o c ,  material, geometric, and 

crack va r i ab le s .  T h e  s p e c i a l  f i n i t e  elements include t h e  exact  delamination stress 

s i n g u l a r i t y  i n  i t s  formulation. Tne method is shown t o  be computational1 accu ra t e  

and e f f i c i e n t ,  and o p e r a t i c s a l l y  s i m p l e .  To i l l u s t r a t e  the  b a s i c  n a t u r e  of com- 

p o s i t e  delamination, so lu t ions  a r e  shown f o r  edge-delaminated [ S / -a / -8 /9 ]  and 

[ ( ~ 3 )  /(ti) /OOo/9To] 

dimensional crack.-tip stress i n t e n s i t y  f a c t o r s ,  a s soc ia t ed  energy release rates, 

and delamination crack-closure are determined f o r  each ind iv idua l  case .  The b a s i c  

mechanics and mechanisms of  composite d e l a m i n a t i o n a r e s t u d i e d ,  and fundamental 

c h a r a c t e r i s t i c s  ui.iqi.e t o  r ecen t ly  proposed tests f o r  i n t e r l amina r  f r a c t u r e  tough- 

nes s  of f i b e r  corcposite laminates a r e  examined. Lnr'luences cf laminat ion,  geome- 

t r i c ,  and crack v a r i a b l e s  on t h e  delamination behavior are inves t iga t ed .  

graphite-epoxy systems under uniform a x i a l  extension.  Three- 
s 

iii 



I n  an a s s o c i a t e  paper [ I ] ,  the  fundamental na ture  of stress s i n g u l a r i t y  

and asymptotic so lu t ion  f i e l d s  associat-d with a delaminat ion between 

d i s s imi l a r  an i so t rop ic  f i b e r  composites have been s tudied .  Lekhni t sk i i ' s  

complex-variable stress p o t e n t i a l s  [ 2 ]  in conjunct ion with an  e igenfunct ion  

expansion method have been used i n  the  formulat ion and establ ishment  of t he  

genera l  so lu t ion .  The eigenvalues ,  e s p e c i a l l y  the  ones which cha rac t e r i ze  t h e  

s t r eng th  of stress s i n g u l a r i t y ,  f o r  delaminat ions wi th  d i f f e r e n t  local 

t r a c t i o n  boundary condi t ions  near  t he  crack t i p  have been determined. Of 

p a r t i c u l a r  i n t e r e s t  are the  asymptotic deformation and stress governing t h e  

composite delaminat ion f r ac tu re .  Since logar i thmic  terms are absent  in t he  

so lu t ions  f o r  the  delamination stress and deformation [ I ] ,  t he  genera l  

s t r u c t u r e  of t he  complete so lu t ions  c o n s i s t s  of only a power-type 

eigenfunct ion series of both s ingu la r  and h igher -order  terms. The set of 

unknown cons tan ts  i n  the cigenfunct ion series s o l u t i o n  f o r  a delaminat ion 

problem can only be determined by so lv ing  the  complete boundary-value problem 

with a f u l l  cons idera t ion  of o v e r a l l  composite geometry, laminat ion and 

material v a r i a b l e s ,  remote boundary condi t ions ,  and end loading condi t ions.  

In a f in i te-dimensional  f i b e r  compositz laminate with s i m p l e  lamination 

va r i ab le s  and crack geometry, f o r  example, a symmetric angle-ply [8/-8/-8/9 J 

composite conta i9 ing  edge delaminations along t h e  0 and -8 p ly  i n t e r f a c e ,  t h e  

complete laminate  e l a s t i c i t y  so lu t ion  can be determined i n  an e x p l i c i t  form by 

the  use of d i f f e r e n t  a n a l y t i c a l  methods such as the  boundary-collocatioa 

method 131. However, f o r  a composite laminate having more than fou r  p l i e s ,  

t he  aforementioaed co l ioca t ion  method is not app l i cab le ,  and a more genera l  

and v e r s a t i l e  method of approach to  the  problem is needed. The s i t u a t i o n  

could become extremely complex f o r  delaminat ions i n  a composite conta in ing  a 
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l a rge  number of p l i e s  with d i f f e r e n t  f i b e r  o r i e n t a t i o n s  and laminar 

thicknesses .  The almost unlimited number of v a r i a b l e s  i n  a gene ra l  composite 

delamination problem requ i r e s  the  developmuit of an advanced a n a l y t i c a l  method 

which can not only dea l  with t h e  l o c a l  s i n g u l a r  behavior of the  delamination 

but a l s o  take i n t o  account various combinations of lamination, materizl, 

geometric, and crack var iables .  Numerical methods such as f i n i t e  element 

methods a r e  considered t o  be most a t t r a c t i v e  because of the:r v e r s a t i l i t y  i n  

handling mechanics problems with complex s t r u c t u r a l  geometry and material 

properr ies .  Zn t h i s  paper, the c u r r e n t l y  developed laminate e l a s t i c i t y  

s o l u t i o n  is incorporated i n  the formulation of a set of conforming f i n i t e  

elements with s i n g u l a r  de r iva t ive  f i e l d s  [ 4 ] .  The special crack-t ip  elements 

are enown la te r  t o  be p a r t i c u l a r l y  s u i t a b l e  f o r  modeling the  composite 

d e l a d n a t i o n  problem. The use of laminate e l a s t i c i t y  s o l u t i o n s  derived from 

the  associated paper [ i ]  p e r n i t s  the inc lus ion  of exact delamination stress 

s i n g u l a r i t i e s  i n  f i n i t e  element formulation, leading t o  extremely accu ra t e  and 

e f f i c i e n t  nct.merica1 so lu t ions  f o r  studying the  fundamental behavior of 

composite delamination u i t h  complex lamination v a r i a b l e s  and geometric 

parameters. 

Spec i f i c  c b j e c t i v e s  of t h i s  paper are to :  ( 1 )  e s t a b l i s h  complete 

s o l u t i o n  s t r u c t u r e s  f o r  d i f f e r e n t  delamination conf igu ra t ions  t o  se rve  as a 

b a s i s  of formulating an advanced numerical method, ( 2 )  construct  s p e c i a l  crack 

elements of var ious kinds t o  model the  composite delamination, ( 3 )  properly 

d e f i n e  in t e r l amina r  f r a c t u r e  mechanics parameters,  e.g., stress i n t e n s i t y  

f a c t o r s  and energy release rates,  f o r  general  composite laminates ,  ( 4 )  examine 

the  fundamental behavior and assoclated c h a r a c t e r i s t i c s  of the composite 

delamination, and (5)  assess  inf luences of laminat ion,  geometric and crack 

va r i ab le s  on the delamination response and composite f d i l u r e  modes. 
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I n  the  next s e c t i o n ,  the  general  s t r u c t u r e  of complete s o l u t i o n s  for 

delamination stress and displacement f i e l d s  is given. Fracture  mechsnics 

parameters i n  terms of inter laminar  crack-tip stress i n t e n s i t y  f a c t o r s  and 

s t r a i n  energy release rates are defined f o r  var ious deformation modes of 

composite delamination. Special  six-node, quasi  three-dimensional crack 

elements f o r  the  present  composite delamination problem are introduced in 

Section 3 .  Formulations of the  s ingu la r  elements and adjacent  nonslngular 

eight-node isoparametr ic  elements are b r i e f l y  out l ined.  Solut ion s t r a t e g y  and 

computational scheme f o r  the  delamination problem, e s p e c i a l l y  i n  the case t h a t  

crack-surface c losu re  (i .e. the contact  problem) occurs ,  are discussed. 

Computational methods f o r  evaluat ing stress i n t e n s i t y  f a c t o r s  and energy 

r e l e a s e  rates by using the  s ingu la r  f i n i t e  elements are given i n  d e t a i l .  I n  

Section 4 ,  s o l u t i o n  accuracy and convergence iire s tud ied  t o  demonstrate t he  

e f f ic iency  and e f f ec t iveness  of the present approach. The fundamental 

behavior and unique c h a r a c t e r i s t i c s  of composite delamination are examined i n  

Section 5 .  Two graphite-epoxy laminate systems, i.e., symmetric angle-ply 

[ 9/ -O/ -e /Q]  and symmetric [(*Q)/(fe)/90"/30"], composites, with delaminations 

emanating from laminate edges a r e  s tudied.  Delaaination crack-t ip  deformation 

and f r a c t u r e  mechanics parameters are determined f o r  each case. Influences of 

f i b e r  o r i e n t a t i o n ,  p l y  thickness ,  and crack s i z e  on delamination f a i l u r e  

mechanics and mechanisms a r e  inves t iga t ed  a l so .  



4 

2.1 Complete Solutions for Stress and Meplacemat 

As discussed i n  the  assoc ia ted  paper [ l ] ,  the  eigenvalues  6, can be 

determined by so lv ing  the t ranscendental  c h a r a c t e r i s t i c  equat ion E q .  20 i n  

111. 

con t inu i ty  condi t ions ,  the  6, have the  fol lowing values:  

Depending upon t h e  l o c a l  crack-t ip  boundary condi t ions  and t h e  i n t e r f a c e  

(i) delamination with open crack sur facec  

n - 1/2 ( s ing le  r o o t ) ,  

( t r i p l e  r o o t s ) ,  

( s ing le  r o o t ) ,  (n - 1/2 1 * ii (n = 0,1,2,...-); 

( i i )  delamination with closed crack su r faces  i n  f r i c t i o n l e s s  contac t  

(double roots), 

(quadruple r o o t s ) ,  (n  = 0,1,2,...-); 

(iii) delamination w i t h  c losed crack su r faces  i n  f r i c t i o n a l  contac t  

n - 1/2 ( s ing le  r o o t ) ,  

( s ing le  root 1, 

(quadruple r o o t s ) ,  (n = 0,1,2,...-). 

Once the values  of 6, are determined, the r e l a t i o n s h i p  among Ck'S can be found 

and the  complete so lu t ions  f o r  displacement and stress can be es t ab l i shed  i n  

e x p l i c i t  forms. For example, f o r  a delamination with homogeneous local 

boundary condi t ions  in a composite lamtnate subjec ted  t o  p lanar  loading,  t h e  

complete so lu t ions  €or  stress and displacement components have t h e  fol lowing 

expressfons : 
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where bi:) are known eigenvectors  corresponding t o  the  unknowns can f o r  each 

given bn, and dol and uoj a r e  known q u a n t i t i e s  from p a r t i c u l a r  so lu t ione  f o r  

each ind iv idua l  case. We nc te  t h a t  the  bk:) are found t o  be the  same fo r  

a l l  6:s because of t h e  Involvement of t he  term ein4(g = IC and q) I n  t h e  

D(6,) matrix. The cons tan ts  Aik and r i k  a r e  def ined as ., 
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where Uk, %, k, qk, t k  are r e l a t e d  t o  ply s t i f f n e s s  matr ix  and can be found 

i n  [2,3] . The expressions f o r  stresses and displacements f o r  delamination 

with closed crack su r faces ,  i.e., nonvanishing l o c a l  t r a c t i o n  boundary 

condi t ions ,  can be e a s i l y  determined t o  have form similar t o  Eqs. 1 and 2 but 

wi th  s l i g h t  modif icat ions owing t o  d i f f e r e n t  numbers of algebraic m u l t i p l i c i t y  

of the eigenvalues  involved . 
2.2 Delamination Stress  Intensity Factors and Energy Belease Bates 

The stress and displacement f i e l d s  f o r  a delaminat ion are shown i n  t h e  

preceding s e c t i o n  t o  possess genera l  form of Eqs. 1 and 2 with unknown 

cons tan ts  cm t o  be determined. 

t he  a i d  of g loba l  laminate boundary condi t ions  and remote loading condi t ions  

is required t o  determine the  d e t a i l e d  so lu t ion  f o r  t he  complete boundary-value 

problem. Since t h e  in te r laminar  f r a c t u r e  is con t ro l l ed  by local stress and 

deformation, t he  asymptotic so lu t ion  is of primary importance and i n t e r e s t  i n  

understanding the  near-f i e l d  behavior and f r a c t u r e  phenomenon. 

s o l u t i o n  is recognized t o  be s ingu la r  i n  na ture  and governed by t h e  

delamination stress s i n g u l a r i t i e s ,  which have been obtained i n  d e t a i l e d  i n  

[ l ] .  As pointed out  i n  the assoc ia ted  paper [ l ] ,  t he  s i n g u l a r  e igenvalues  

depend upon the  local delamination conf igura t ion ;  thus ,  d i s t i n c t  s t r u c t u r e s  of 

asymptotic so lu t ions  a r e  obtained f o r  d i f f e r e n t  c rack- t ip  deformations.  

A proper a n a l y t i c a l  o r  numerical method with 

The asymptotic 

Ir genera l ,  the  asymptotic so lu t ion  for a delamination stress f i e l d  can 

be wri t t en  i n  the  following form: 
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where Zk and 

The f y ‘  and fi(k+3) ( 3 )  are funct ions of lamina material cons tan ts  , lamination 

have t h e i r  o r i g i n  located a t  the delamination t i p .  

va r i ab le s  , and 

eigenvalues 65 

loading condi t ions.  

which s a t i s f y  the  cons t r a in t  condi t ion ,  

The in t ege r  a is the  t o t a l  number of 

-1 < W 6 j l  < 0 

For the convenience of f u r t h e r  developments, Eq. 4 may be r ewr i t t en  as 

where s iJ )  is the  j t h  component (corresponding t o  t he  eigenvalue 6 ) of the  

asymptotic stress U i  in the  polar  coordinate  system. 

3 

In view of the  asymptotic so lu t ion  structures given i n  Eq. 4 and those 

given i n  [1,5,61, i t  is poss ib le  t o  def ine ,  i n  t he  context  of in te r laminar  

f r a c t u r e  mechanics, the delamination stress i n t e n s i t y  f a c t o r s  and s t r a i n  

energy release rates in a manlrer ( 3 i s t e n t  with those f o r  a homogeneous crack 

and f o r  the  r e f ined  model of an i n t e r f a c e  crack between d i s s i m i l a r  i s o t r o p i c  

media [7,8]. For example, i n  the case of a closed delamination with crack 

sur faces  i n  f r i c t i o n l e s s  conl‘qct, the stress i n t e n s i t y  f a c t o r s  can be 

introduced by consider ing the  crack-tip in te r laminar  stresses 62, 86 and 04 

(i .e. ,  u,,, rxy, ‘lYz, or a,+,,+,, ‘lr+, rz4) along the ply i n t e r f a c e  ,+, = 0 as 
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where r = 0' and 0' denote the pos i t i ons  i n f i n i t e s m a l l y  behind and ahead of 

the  crack t i p ,  r e spec t ive ly ,  because the normal t r a c t i o n  02 is f l n i t e  ahead of 

a closed crack t i p  where shear t r a c t i o n s  46 and 04 are s ingular .  

The s t r a i n  energy release rate, G ,  and its components Ci (1 - 1,2,3) may 

be evaluated by using Irwin's v i r t u a l  crack ex tens ion  concept 191 as 

G = GI + G2 f G3 

6a 
( Q -r , --II ) ] = l l m  1 1 { u 2 ( r , ~ ) [ u ? ) ( ~ - r , n )  - u 2  

Q+O 0 

where Q is the  length  of v i r t u a l  crack extensioii.  The in te r laminar  stresses, 

02,  06, and 04, i n  Eq. 8 can be obtained from the asymptotic stress f i e l d  such 

as Eq. 4. The corresponding displacements are a l s o  those of the  asymptotic 

f i e l d  equat ions d imussed  in the  previous sec t ion .  

delamination a t r e s s  i n t e n s i t y  so lu t ions  I$, t he  C and % f o r  a closed crack 

can be shown t o  have a s imple  expression as 

I n  terms of the  

In Eq. 9 ,  G1 is i d e n t i c a l l y  zero because of the displacement con t in9 i ty  across  

the closed delamination su r faces ,  

-c < r < 0 ,  



9 

and A2 and A3 are evaluated from (51 with 

as r + o+. 

For a delamination with extremely small crack c losu re ,  t he  s impl i f i ed  

model by t ak ing  the  l i m i t i n g  case of a p a r t i a l l y  c losed  crack discussed i n  

15.61 I s  used. 

those given in Eqs. 7(b) and 7(c) ,  but the  KI is def ined  a t  r + 0’ as 

The stress i n t e n s i t y  s o l u t i o n s  KXI and KxI1 are t h e  same as 

5 5 l i m ,  fi a2(r,0). 
r+O 

And the  corresponding s t r a i n  energy release rates G and Gi, then,  have the  

form, 

In the case t h a t  a fully opened delamination is assumed and the  

s lgenfunct ion  expansion series is used f o r  t he  asymptotic so lu t ion ,  the  

delamination stress i n t e n s i t y  f a c t o r s  are introduced as [31 
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We note t h a t  i n  t h i s  case exact  i n t eg ra t ion  in Eq. 8 can be c a r r i e d  out and 

t h e  s t r a t n  energy release rate, G, can be determined easily. However, 

ind iv idua l  components G i  can not be separated e x p l i c i t l y  i n  the i n t e g r a t i o n  

because of the complex mathematical s t r u c t u r e  of the  asymptotic so lu t ions .  

Other methods such as the hybrid s ingu la r  f i n i t e  element a n a l y s i s  (10,llJ are 

needed t o  determine the  values of ind iv idua l  GI. 
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We have thus f a r  obtained the complete s o l u t i o n s  f o r  stress and 

d i s p l a c e w n t  and t h e  f r a c t u r e  mechanics psrameters from the asymptotic 

s o l u t i o n s  for each ind iv idua l  case. 

and % are t o  be d e t e d n e d  by so lv ing  the complete boundary-walue problem, 

involving remote loading condi t ions and g loba l  geometric and lamination 

parameters. 

delaminations under mechanical loading as shown i n  Fig. 1 i n  111. As 

mentioned i n  Section 1, seve ra l  numerical methods could be used to de te rn ine  

the complete s o l u t i o n  f o r  the delamination problem in a f i n i t e  dimensional 

laminate. Owing t o  the s ingu la r  nature  of the in t e r l amina r  crack, the complex 

s t r u c t u r a l  geometry, and numerous lamination parameters involved, the s p e c i a l  

numerical method employing r ecen t ly  introduced conforming singular f i n i t e  

elements is an  a t t r a c t i v e  approacn to the c u r r e n t  problem. 

the  exact delamination stress s i n g u l a r i t i e s  can be Included in t h e  formulation 

of the s p e c i a l  elements. Thus, the unknown constants  a s soc ia t ed  with the 

asymptotic so lu t ion  and the  f r a c t u r e  mechanics parameters governing the 

d e l d n a t i o r .  behavior can be evaluated couveniently with a high degree of 

acctiracy and a f a s t  rate of so lu t ion  convergence. 

The unknown cons tan t s  ccm as w e l l  as 5 

Now consider a f ini te-width composite laminate containing 

In t h i s  approach, 

3.1 Singular Crack-Tlp glerents and smtooadiag Boasfogulsr Elements 

In  t h i s  study, we general ize  the formulation and concepts of the 

coniirming s ingu la r  elements o r i g i n a l l y  introduced f o r  homogeneous i s o t r o p i c  

e l a s t i c i t y  proBlems [ 41 tt- the present quasi  three-dimensional,  a n i s o t r o p i c  

composite delanlnat lon problem. 

on s e l e c t i o n  of shape funct ions and t h e i r  d e r i v a t i v e s  containing the exact 

eigenvalues whicn meet the cons t r a in t  condi t ion Eq. 5 of stress s i n g u l a r i t y  

Formulation of the s i n g u l a r  elements is based 
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der ived from the aforemeationed e igenfunct ion  analysis for t h e  composite 

d e l a d n a t i o n .  

been given i n  [4]. 

Detai led d iscuss ion  of t he  na ture  of t he  s ingu la r  elements has 

Only r e l a t i o n s h i p s  re levant  t o  the cu r ren t  development are 

given here, 

Consider a six-node t r i a n g u l a r  element with three degrees  of freedom per 

node and stress s i n g u l a r i t y  at  node 1 as shown in Fig. l(a). 

general r e c t i l i n e a r  an i so t rop ic  material p rope r t i e s  with elastic compliance 

Sij. 

Car tes ian  coord ina tes  (x,y,z) can be r e fe r r ed  to both l o c a l  po lar  coordinates  

The element has 

W a proper t ransformation,  any point  i n  the element def ined in g loba l  

(r,$,z) and t r i a n g u l a r  coordinates  (p,S,z) with the o r i g i n  loca ted  at node 

1, = t h i n  t h e  element, the displacement components u are r e l a t e d  to  the nodal - 
displacements q by the i n t e r p o l a t i o n  (or shape) func t ion  N as - -8 

where u are known q u a n t i t i e s  r e s u l t e d  from appl ied  loading,  and 
-0 

i n  which t h e  supe r sc r ip t  T denotes t ranspose  of the  a s soc ia t ed  column vec to r ,  and 

the number in the supe r sc r ip t  parentheses  i n  Eq. t>(b) r e f e r s  to t h e  

a s soc ia t ed  nodal number of q. E x p l i c i t  expressions of the shape 

func t ion  N involving proper e igenvalues  6 determined f o r  each ind iv idua l  

delamination problem from [ l ]  and l o c a l  coord ina tes ,  are given i n  Appendix 

1. 

- 
-8 ' J 

Equation 14(b) can be w r i t t e n  i n  a more e x p l i c i t  form as follows: 

6 +1 
u = {P j N E )  + L(P,C)I  P I  

8. * - - (16) 



where L(p,S) is the nonsingular polynomial p a r t  of !s(p,€;6 1, independent of 

the number and l o c a t i o n  of nodes along the 2-3 edge of the  element. 

- j 

Using t h e  

minimum p o t e n t i a l  energy theorem and following the same procedure as the  

conventional displacement-based f i n i t e  element formulation, we can cons t ruc t  

the  element s t i f f n e s s  matrix k f o r  the crack-tip element as ,s 

k = I$ BT C B dA, 
,S -s .. ,Y 

AS 

where C is the macerial  s t i f f n e s s  matr ix ,  and B has t h e  form - ,S 

6 +I 
B f a(p H + L). (18) ,s , - -  

In Eq. !8, the  a is a matrix d i f f e r e n t i a l  operator .  We remark t h a t  the shape 

funct ion of the s i n g u l a r  element is chosen such t h a t  the element conforms with 

- 

a nonsingular q u a d r a t h  element matched through the common element boundary 

(i.e., along edge 2-3), and with s i n g u l a r  elements of the same formulation 

through boundaries 1-2 and 1-3. 

The surrounding nonsingular elements used i n  t h i s  s tudy are quas i  three- 

dimensional, e i g h t n o d e  isoparametr ic  elements [Fig. l ( b ) ]  with 24 degrees of 

freedom ( three  D.O.P.'s per  node). Formulation of the element s t i f f n e s s  

matrix f o r  the nonsingular element has been given i n  d e t a i l  i n  [ 12,131 . The 
element s t i f f n e s s  matrix k f o r  the adjacent  element can be shown as -r 

where 

The shape funct ion Nr for an eight-node, quasi  three-dimensional isoparametr ic  

element has standard quadra t i c  expressions which can be found i n  [12,13]. 
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In the finite element discretiaation of tbe delaminated composite, the 

slngtrlar elements are placed in a ring form with the delamination tip as the 

common node (Fig. 2). 

stiffness matrices relating unknown nodal displacements to nodal force 

The element stiffness matrices Fs and lcr are true 

vectors. The standard procedure of the matrixdisplacement eethod [14] can be 

used to assemble the global stiffness matrix K and loading vector Q leading to 

the relationship, 
- - 

where Q denotes the additional nodal force resulted from the applied strain 

eo, and the assemblage may be expressed symbolically by 
-0 

in which % and nr are the total numbers of singular and nonsingular elements, 

respectively. 

In actual numerical computation of a delamination problem, a finite 

length of crack closure is assumed first. 

contact problem because a part of the local boundary conditions is not known 

and needs to be determined from the solution. 

continuity conditions are required along the closed portion of the 

delamination, -c C r C 0: 

The problem now becomes an elastic 

Specifically, the following 
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[u2(r,m)l - 0 ,  (23a) 

[u2(r,m)l = 0, (2%) 

where the  bracket  [ 1 denotes the jump of the  a s soc ia t ed  quan t i ty  across the 

c losed  crack sur f  aces, e .g . , u2 (&')(r,-m) - u p ) ( r , n )  = 0. 

Eq. 21 i n  terms of unknown pressures  along the  c losed  crack su r face  and use 

n u s ,  we so lve  

Eq. 23(a) t o  determine the  contac t  stress on t h i s  surface. 

condi t ione Eqs. 23(a) and 23(b), t h e  so lu t ion  technique proposed by 

Francavi l la  and Zlenkiewicz [ 151 f o r  an  elastic contac t  problem I s  employed. 

To enforce t h e  

The numerical procedure involves  an i t e r a t i o n  scheme t o  determine crack 

c losure  length and contac t  stress along the delamination surface. If the  

s o l u t i o n  is admissible ,  the  contac t  stress so obtained must be I n  compression 

and the  displacement f i e l d  should have no overlapping o r  i n t e r p e n e t r a t i o n  

ou t s ide  the  contact  region. In  the  case t h a t  crack c losure  length  is found to  

be extremely sma1.1, say ,  less than the  order  of - times crack  

length ,  the  delamination is then assumed t o  be open, and the s impl i f i ed  model 

dlscussed in (1 .51  and i n  the  preceding sec t ions  i n  t h i s  paper is used. For 

the  case of a delamination with f in i t e - l eng th  crack c losu re ,  the d e t a i l e d  

i t e r a t i v e  algori thm for eval l la t ing crack c losure  and contac t  stress is given 

i n  Appendix 2. 

3.3 m u t a t i o n  of &ladnation Stress Intensity Factors and b r g y  Belease 
Rates 

As mentioned i n  the  preceding s e c t i o n s ,  t he  stress i n t e n s i t y  f a c t o r s  and 

energy release rates f o r  a delamination are evaluated frob t he  asymptot ic  

s o l u t i o n  of in te r laminar  stresses u2, u and u4 (or cry, T~ and T 

displacements ui a long the  plane of the  crack. 

) and the  
6 Y= 

For a f i n i t e  dimensional 

composite laminate containing delaminat ions,  the asymptotic stress and 

d t s p l a c e m e ~ t  can be conveniently determined by the  aforementioned s i n g u l a r  



f i n i t e  element method. Along the delamination plane 5 = to, the near - f ie ld  

stress and displacement f i e l d s  are approximated by using Eq. 16 and its 

der iva t ives  as 

where R(E0;6)  is a matrix of de r iva t ives  of the shape func t ion  H and ply 

elastic cons tan ts ,  and t h e  p and 5, are re l a t ed  t o  the  g loba l  coordinates  by a 
- - 

simple t ransformation given i n  Appendix 1. 

For a p a r t i a l l y  closed delamination o r  a delamination with a very small 

s i z e  of crack-t ip  c losure  for which the  s impl i f ied  model with inverse  square- 

root  s i n g u l a r i t y  is used, the stress i n t e n s i t y  f a c t o r s  and s t r a i n  energy 

release rates can be evaluated easily from the s ingu la r  f i n i t e  element 

r e s u l t s .  

5, = 0 (i.e., 

displacements along the  i n t e r f a c e  i n  simple expressions as 

Taking u and u along the delaminatlon crack plane 
.w .. 
= 0) , we can write the  asymptotic in te r laminar  stresses and 

$0 

u = % r  - '/2 ( i = Z ,  k=1; i=6 ,  k=2, and 
i=4 ,  k=3), (25a) 

f 

(j=l, k=2; j=2 ,  k=l, and 
j z 3 ,  ko3)s 

where A and B 

Eqs. 24(a) and 24(b) by s e t t i n g  5, = 0, and 6 = -l/z . 
stress i n t e n s i t y  f a c t o r s  5 can be e a s i l y  determined by 

are obtained from the corresponding components of R(Eo;6) and M ( 6  ) In k k - " 0  

Thus, the  delamination 

Ki * 6 Ai (i=X,II,III), 

The energy release rates can be determined in a manner similar t o  t h a t  for  % 

through Eq. 8 as 
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G = G1 + G2 + G3 

The term uoj i n  Eq. 25(b) is not included,  because it does not  r e s u l t  i n  any 

con t r ibu t ions  to  Gi and G after in t eg ra t ion .  

i n t e g r a l  Eq. 27(a) can be c a r r i e d  out  e x p l i c i t l y  without d i f f i c u l t y .  

s t r a i n  energy release rates have the form 

In t eg ra t ion  of t he  s i n g u l a r  

Then t h e  

'l 

G = f GI = 3 A 1 B 1  + %B2 + A3B3). 
131 

We remark here  t h a t  each term i n  Eq. 27(b) corresponds to  the  ind iv idua l  % 
components and t h a t  f o r  a delami'nation with f i n i t e  crack c losu re ,  the  first 

term i n  Eq. 27(b) is i d e n t i c a l l y  zero,  i.e., G1 = 0, because of the  con t inu i ty  

of displacement across the  crack sur face .  



18 

To demonstrate t he  accuracy and e f f i c i e n c y  of t he  present  method of 

approach, a symmetric angle-ply [45°/-45'/-450/450] graphite-epoxy laminate  

containing edge delaminations along t h e  4So/ -45O ply  i n t e r a c e  is considered. 

For s i m p l i c i t y  and without loss of g e n e r a l i t y ,  t h e  composite is assumed to  be 

subjec ted  t o  uniform a x i a l  s t r a i n  eZ = 

of b/h = 8 and h l  = tl2 = h = 0.25 inch and delaminations of length  a = 0.25 

inch emanating from the  edges. Elastic ply p rope r t i e s  of u n i d i r e c t i o n a l  high- 

modulus graphite-epoxy i d e n t i c a l  t o  those of Eq. 28 in [l] are used. Owing t o  

the  geometric and laminat ion symmetry, only a qba r t e r  of the cross s e c t i o n a l  

area needs t o  be considered. In  f i n i t e  e leaent  d i s c r e t i z a t i o n  of t he  

continuum, twelve s p e c i a l  crack-t ip  elements of i d e n t i c a l  s i z e  and shape ( rig. 

2) are used t o  model the  near - f ie ld  response of the  composite delamlnation. 

The crack-t ip  elements are embedded i n  the mesh of eight-node, quas i  th ree-  

dimensional isoparametr ic  elements. Local and o v e r a l l  mesh arrangements f o r  

the f i n i t e  element ana lys i s  of the  composite delamfnation are shown i n  Fig. 

3. To study the accuracy and convergence of f i e l d  s o l u t i o n s ,  t he  mesh near 

the crack t i p  is continuously re f ined  by halving the  lengths  of equal  s i d e s  of 

the  s ingu la r  elements (e.g., t he  s i d e s  OE and OF i n  Fig. 3). 

along the  z-axis and have a geometry 

Using the  computational method and the so lu t fon  scheme discussed i n  t h e  

preceding sec t ions ,  numerical r e s u l t s  are obtained f o r  the  convergence 

study. S i g n i f i c a n t l y  g loba l  crack c losure  with cla = 0.34 is found f o r  t h e  

delamination i n  the  [ 45O/-45O/-45O/45O 1 graphite-epoxy under the  uniform a x i a l  

ex tens ion ,  r e s u l t i n g  i n  a negat ive KI and i d e n t f c a l l y  vanishing GI. 

d e t a i l e d  na ture  of delamination c losu re  and r e l a t e d  problems w i l l  be discussed 

i n  the next sec t ion . ]  

[The 

In Tables 1 and 2, delamination stress i n t e n s i t y  

f a c t o r s  and energy release rates a s soc ia t ed  with t h e  f ini te-element  meoh 
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refinement are shown fo r  systemmatic reduct ion i n  c rack- t ip  element s ize  

(Ah/h) and increase  in the  t o t a l  number of elements. It can be seen c l e a r l y  

t h a t  s t a b l e  and converged so lu t ions  f o r  a l l  % and Gi are obta inable ,  as the  

crack-t ip  e lenent  s ize  becomes smaller than O.lh and the assoc ia ted  t o t a l  

number of elements exceeds 100. As an t i c ipa t ed ,  the delamination stress 

i n t e n s i t y  f a c t o r s  (Table 1 )  are s e n s i t i v e  t o  the size of the crack-t ip  

elements owing t o  the loca l ized  na ture  of the s ingu la r  domain. However, t he  

s t r a i n  energy release rates are r e l a t i v e l y  i n s e n s i t i v e  t o  the  e lcnent  s i z e  and 

mesh refinement (Table 2) because the  G i  are r e l a t e d  t o  the  g loba i  s t r u c t u r a l  

response of the delaminated composite. Furthermore, the  crack-closure length 

is a l s o  found t o  be i n s e n s i t i v e  t o  the  mesh refinement i n  t h i s  case. 

To a s ses s  the  accuracy of the cur ren t  so lu t ions  f o r  the composite 

delamination with g loba l  crack c losure  is not t r i v i a l  because no a n a l y t i c a l  

and numerical so lu t ions  are ava i l ab le  i n  the  literature fo r  comparison. The 

only a n a l y t i c a l  s tudy ,  which may be used as a reference ,  dea l s  with the  

delamination problem by assuming the crack sur face  being f u l l y  open and 

employing an  eigenfunct ion expansion method with the  a i d  of a boundary 

co l loca t ion  technique [ 3 ] .  I n  Fig. 4, stress i n t e n s i t y  so lu t ions  determined 

by the present  s ingu la r  f i n i t e  element method inc luding  the crack-closure 

cons idera t ion  a r e  presented as a funct ion of delamination length i n  the  [4S0/ 

- 4 5 O / - 4 5 O / 4 5 O ]  graphite-epoxy. The dominant stress i n t e n s i t y  f a c t o r  KxII 

determined fo r  the p a r t i a l l y  closed composite delamination by the present  

approach is about 6 - 7% higher than the value f o r  a n  open crack from the 

boundary co l loca t ion  results. 

two d i s t i n c t  models d i f f e r  from each o ther  both i n  s ign  and i n  magnitude. 

the  current s ingu la r  f i n i t e  element ana lys i s  of t h e  delamination problem, KI 

is found always t o  be negative owing t o  the  aforementioned crack c losu re ,  

However, so lu t ions  f o r  KI obtained by using the  

In  
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whereas KI determined f o r  an assumed open crack is pos i t i ve .  

and G2 determined by the  two approached are both neg l ig ib ly  small. 

energy release rates obtained f o r  t he  delamination are given i n  Fig. 5. 

t he  p a r t i a l l y  closed delamination determlned by the  present  approach, GI is 

I d e n t i c a l l y  zero,  whereas the  value of G1/(10 co) from the  assumed open crack 

model I s  of the order  of 10'6--a value much smaller than t h a t  of G3, t h e  

dominant component of energy release rates. Despite t he  d i f f e r e n t  na ture  a t  

the crack t i p  i n  these  two approaches, the  values  of G3 d i f f e r  only s l i g h t l y  

from each other .  

Values of K I 1  

The s t r a i n  

For 

6 2  

We remark t h a t  though matheaat ical ly  r!.goroue , t he  s o l u t i o n  obtained 

using the  el-*enfunct ion expansion method with the assumption of open crack 

su r faces  is phys ica l ly  inadmissible  because severe i n t e r p e n e t r a t i o n  of 

d i s s i m i l a r  msterlals is found i n  t h e  o s c i l l a t o r y  displacement s o l u t i o n  near  

t he  crack t i p .  Thus, the  present  s ingu la r  f i n i t e  element approach with a 

p a r t i a l l y  closed crack cons idera t ion  provides phys ica l iy  meaningful so lu t ions  

with a high degree of e f f i c i e n c y  and accuracy for genera l  composite 

delamination problems. 
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In the  preceding s e c t i o n s ,  we have introduced the  complete s o l u t i o n  

s t r u c t u r e  and defined the  governing f r a c t u r e  mechanics parameters f o r  t he  

delamination problem. 

been formulated t o  model the near-f ie ld  response of a delamination i n  a f i n i t e  

dimensional composite laminate. 

aff i rmed i n  terms of computational parameters (e.g., t he  s i z e  of craclc-tip 

elements,  the degree of f i n i t e  element d i s c r e t i z a t i o n ,  etc.). Having 

e s t a b l i s h e d  these  b a s i c  mechanics t h e o r i e s  and the  numerical method, we now 

proceed t o  study the  fundamental behavior and c h a r a c t e r i s t i c s  of delamination 

i n  f i b e r  composites with general  lamination and geometric va r i ab le s .  

Special  f i n i t e  elements with s i n g u l a r  d e r i v a t i v e s  have 

Solut ion convergence and accuracy have been 

Two f i b e r  composite material systems are examined i n  t h i s  s ec t ion :  (1) 

symmetric angle-ply [*e Is graphite-epoxy laminates with edge delaminations 

between 8 and -0 p l i e s ,  and (2)  symmetric [(*e)/(*e)/90"/90"]s graphite-epoxy 

with edge delaminations between -3 and 90" p l i e s .  

composite laminate system is s e l e c t e d  because s e v e r a l  unique delamination 

c h a r a c t e r i s t i c s  are observed, which can be used t o  i l l u s t r a t e  most c l e a r l y  the  

bas i c  Inter laminar  f r a c t u r e  mechanics and f a i l u r e  modes. More important ly ,  

some of the  most fundarnental nature  of delamination f r a c t u r e  determined from 

the  p re sen t ly  introduced physical ly  admissible model and mathematically 

r igorous s o l u t i o n s  are not observable in the  previously obtained s o l u t i o n s  

which contain the  inadmissible  o s c i l l a t o r y  stress and deformation (3.51 . The 

[ ( * e ) / ( * e ) / 9 O 0 ~ l ,  graphite-epoxy system is s tud ied  also because t h i s  

lamination system, e s p e c i a l l y  the one with [ ( ~ 3 0 " ) / ( ~ 3 0 ° ) / 9 0 " / ] ~  f i b e r  

o r i e n t a t i o n s ,  is c u r r e n t l y  being considered f o r  we i n  the  eva lua t ion  of 

i n t e r l amina r  f r a c t u r e  toughness of composlte materfals under s ta t ic  and c y c l i c  

loading [16 ,17] .  The ply e las t ic  p r o p e r t i e s  of high-modulus u n i d i r e c t i o n a l  

- 

The symmetric angle-ply 
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graphite-epoxy given i n  Eq. 28 of Ref. [ l ]  are used i n  a l l  computations. In 

t he  [0/-0/-0/0] composites, the following lamination and geometric parameters 

are employed: 

[ (*:6)/(*8)/9Oo/9O0 Is compooite Laminates, a c t u a l  dimensions of un id i r ec t iona l  

graphite-epoxy used i n  laboratory experiments [ 16,171 are taken, l.e., 

h l  - h2 = ... = h l l  = 0.0054 inch and b = 0.75 inch. Moreover, i n  all cases 

studied i n  t h i s  paper the composite laminates are considered t o  be subjec ted  

t o  uniform a x i a l  extension Ez = Eo along the z d i rec t ion .  

h l  - h2 5 h - 0.25 inch and b/h - 8, whereat? i n  the  
- 

Since the in te r laminar  crack-t ip  deformation and f r a c t u r e  mechanlsms are 

governed by the asymptotic f i e l d  so lu t ions ,  w e  s h a l l  examine t h e  fundamental 

behavior and assoc ia ted  c h a r a c t e r i s t i c s  of composite delamination i n  terms of 

in te r iaminar  f r a c t u r e  mechanics parameters, io@., crack-t ip  stress 

i n t e n s i t i e s ,  s t r a i n  energy release rates, and crack-surface closure.  

5.1 Influence of Flber OrientatLon 

The behavior of a delamination in the  r e l a t i v e l y  simple angle-p ly  [MIs 

laminates is s ign i f  t can t ly  inf luenced by the  f i b e r  o r i e n t a t i o n  0.  

obtained by using the  i t e r a t i v e  so lu t ion  scbeme i n  Section 3.2 revea l  t h a t  the 

delamination always possesses a f in i t e - l eng th  crack-t ip  c losure.  

t h a t  the crack sur face  is i n  f r i c t i o n l e s s  con tac t ,  we f i n 4  t h a t  the  c losure  

length is global  i n  general .  For example, i n  the  [ t e ] ,  graphite-epoxy with 

edge delaminations of length 't = 0.25 inch ,  s i g n i f i c a n t  crack c losure  is found 

i n  each case s tudied  (Table 3). The contact-zone s i ze ,  c/Q, v a r i e s  from 

approximately two-tenths t o  mre than one-third of t o t a l  delamination length  

f o r  8 ranging between 15" t o  60". 

opening-mode stress i n t e n s i t y  f a c t o r  KI < 0 and an i d e n t i c a l l y  vanishing 

energy release rate G 1  = 0, as shown in Tables 4 and 5.  

R e s u l t s  

Assuming 

The crack-t ip  c losure  r e s u l t s  i n  a negat ive 

Thus, t he  

delamination behavior i n  the  [ O/-O/-e/e] composites is apparent ly  governed by 
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i n t e r l amina r  shear  stresses and deformations. 

plane t ea r ingmode  (mode 111) stress i n t e n s i t y  

In  Tables 4 an.! 5 ,  the  out-of-  

f a c t o r  KIII  and a s soc ia t ed  

energy release rate G3 are c l e a r l y  the  dominant ones c o n t r o l l i n g  the  

delamination f r a c t u r e .  

magnitude higher than those of KII and Gz.) 

possesses the  highest  Kifl and G3 among a l l  8's studied.  

suggest t h a t  i n  symmetric angle-ply composites, delamination i n i t i a t i o n  and 

growth are more in t ima te ly  a s suc ia t ed  with l o c a l  i n t e r l amina r  shear  than 

t r ansve r se  normal stress. 

(The values of K I I 1  and G: are s e v e r a l  o rde r s  of 

Also, t he  composite w4th 8 

These r e s u l t s  

15" 

We reiterqt,? t h a t  the  s o l u t i o n s  obtained here  by t h e  use of t he  present  

i n t e r l amina r  crack-closure model and the  r igorous mathematical (combined theo- 

r e t i c a l  and numerical) approach are phys ica l ly  admissible  and meaningful, as 

contrary t o  the  previously obtained inadmissible ,  o s c i l l a t o r y  s o l u t i o n s  from 

an eigenfunct ion expansion approach with the  assumption of a f u l l y  opeii crack. 
- 

In the more complex graphite-epoxy laminates with [ (*6)/(t8)/90°/900 Is 
p l y  o r i e n t a t i o n s ,  delaminations are always observed t o  occur between the  -8 

and 90' p l i e s  116,171. S t a r t i n g  with the  p a r t t a l l y  closed crack model and 

using the  i t e r a t i v e  s o l u t i o n  scheme, we f i n d  t h a t  the  c losu re  length of a 

delamination is less than lom6 Inch. 

c losu re  t h e  s impl i f i ed  model with an inverse square-root stresu s i n g u l a r i t y  

discussed in Section 4.3 o t  [11 and i n  (5.61 is employed. In Figs. 6 and 7 ,  

v a r i a t i o n s  of stress i n t e n s i t i e s  $ and energy release rates Gi with f i b e r  

o r i e n t a t i o n  8 are shown fo r  a delamination of l eng th  a = 0.5b. 

is apparent ly  governed by the  opening- and inplane shearing-mode strrsses; the  

KI and K11 are one order of magnitude higher than K I ~ I  €or a l l  8's studied.  

The value of G3 is  vanishingly small i n  gene ra l ,  and G1 and G2 are t h r e e  

orders  of magnitude higher than C3 because of the extremely small value of 

Thus, for  t h i s  extremely small crack 

The crack t i p  
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A3. 

ind ica t ed  i n  Eqs. 12 and 27(b). [Unfortunately,  an e x p l i c i t  r e l a t i o n s h i p  

among Ai ,  ply elastic c ~ i ~ c t a n t s ,  lamination parameters,  geometric,  and loading 

v a r i a b l e s  needs t o  be determined numerically because of the complex aLgebra 

involved.] 

maximum KII and G2 occur a t  0 

system. 

proposed in t e r l amina r  f r a c t u r e  toughness tests [ 16,171 using edgede lamina t ion  

composite specimens is t he re fo re  a proper choice . 

Eiote t h a t  values of G I ,  G2 and G 3  depend not only on but also on "4 as 

We remark t h a t  the  maximum KI and GI appear a t  8 = 32.5' and t h e  
- 

35' i n  the  [(*0)/(*8>/90'/90°]s graphite-epoxy 
- 

The s e l e c t i o n  of [(i30')/(i30')/90'/90' 1, lamination i n  the r e c e n t l y  

5.2 Influence of Ply Thlcknees 

The p ly  thickness  is an important geometric va r i ab le  i n  s tudying the  

delamination behavior of composites. Changing the  laminar thickness  i n  a 

laminate a l ters  the  lateral  c o n s t r a i n t  of adjacent  p l i e s  i n  the  thickness  

d i r e c t i o n  and, thus ,  d i r e c t l y  a f f e c t s  the in t e r l amina r  crack behavior. For 

i l l u s t r a t l o n ,  f r a c t u r e  mechanics s o l u t i o n s  for t he  [ 4 5 ° / - 4 5 0 / - 4 5 0 / 4 5 0 ]  

graphite-epoxy composites with s e v e r a l  ply thicknesses  are presented i n  t h i s  

sect ion.  For s i m p l i c i t y  and without introducing f u r t h e r  complications,  t he  

laminate width 2b and thickness  2W as well as t he  delamination l s n g t h  a are 

kept  constant as before ,  while v a r i a t i o n  of ply thicknesses  h l  and l-2 (with h l  

+ h2 = W = 0.5 inch)  is considered. 

As shown i n  Figs. 8-10, a l t e r i n g  the  ply thickness  hl/W has appreciable  

e f f e c t s  on the  fundamental behavior of the delamination. For in s t ance ,  when a 

t h i c k  ou te r  45' ply is used, say ,  hl/W 

is i n  contact  with the  o the r  (Fig. lo ) ,  leading to 8 negative KI with G 1  = 

0. Delamination f r a c t u r e  i n  t h i s  s i t u a t i o n  is governed by :he tearing-mode 

stress i n t e n s i t y  f a c t o r  KILT and the  a s soc ia t ed  energy release rate G 3  (Pigs.  

8 and 9) . 

0.8, t h e  e n t i r e  delaminatioa su r face  

When equal ply thizkness ,  l.e., hl = h2r is used, t he  in-plane 
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shearing-mode stress intensity KII and the energy release rate % are abut 

zero, and KIII has the maximum stress intensification. 

45' ply becomes thin, e.g., hl < 0.2W, the surfaces of delaainatioa are opened 

up, i.e., c/a = 0, as shown in Fig. IO. In this situation, contributions of 

KI and KII to the local failure become increasingly appreciable; KII and KI11 

are of the same order of magnitude but G2 and GI are still relatively mall as 

compared to G3. 

become dominant to govern the delamlnatioa. 

However, as the outer 

In the limiting case of hl/W + 0, the in-plane shear could 

5.3 Inflmence of Interladmar Crack Ieagth 

For the symnietric composite laminates with either [MI, or 
- 

[(+8)/(i8)/90e/90e 1, fiber orientations, the intetladnar crack-tip behavior 

is affected by the size of delamination. As discussed in Section 5.1, the 

delamination in the [8/-8/-8/0] graphite-epoxy system has a global crack 

closure. Figure 11 reveals general characteristics of the crack closure in 

the deladnated [45e/-450/-45e/45e] graphite-epoxy. Under a uniform axial 

strain E ~ ,  the crack closure increases monotonically with crack length until 

the delaninatlon becomes about two-ply thicknesses. As the delamlnatfon 

extends further, the closure lengtn approaches an asymptotic vqlue of c/h = 

0.375, indicating that crack growth is governed by the interlamibar shear T,,~ 

and the tearing-mode stress intensity factor K J I I ,  as shown in Pig. 4. 

values of T 

KIII and G3 (Pigs. 4 and 5). Note again that crack closure occurs for all 

a/h's In the [45°/-450/-450/45e J graphite-epoxy, leading to an identically 

zero G1 and negative opening-mode stress Intensity factor KI < 0. In the case 

of a very small delamination emanating from a free edge under r is ing  load, the 

interlaminar crack is inherently unstable and ext. ds rapidly to about one or 

two-ply thicknenses (i.e., the plateaus in lgs .  .A and 5 )  before stable growth 

The 

KII and G2 are orders of magnitude smaller than those of rYZ, X Y ,  
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would occur. This phenomenon has been indeed observed i n  l abora to ry  

experiments of edge -de ladna t ion  tests of [ (i30"]/t(~0")/90'/90'1, T300-5208 

graphite-epoxy composite laminates  [ 161 . 
- 

In  the  [(~30°)/(i30")/90"/90" 1, graphite-epoxy conta in ing  delaminat ions 

between -3OO and 90" p l i e s ,  the delamination is found to  be open a l l  along t h e  

c rack  su r face  for any given a / h ,  as discussed i n  Sect ion 5.1. The s o l u t i o n s  

for 9 and 5 as a funct ion of delamination length  a /b  are given i n  Pigs. 12 

and 13. Also shown i n  Fig. 13 are t h e  r e s u l t s  repor ted  i n  [I61 by using a 

conventional nonsingular f i n i t e  element sethod i n  conjunct ion with a vir tual  

crack-closure scheme for  c a l c u l a t i n g  the  s t r a i n  energy mtes 1181. The 

d i f f e rence  is very apprec tab le  t o  warrant the necess i ty  of using the advanced 

a n a l y t l c a l  and numerical technique f o r  so lv ing  the  delaminatlon problem 

accurately.  W e  observe t h a t  local delamination growth i n  t h e  

~(t30c)/(i30")!900/900]s graphite-epoxy is governed by an i nhe ren t ly  three-  

dimensional mixed-mode f r a c t u r e  process because the simultaneous presence of 

s i g n i f i c a n t l y  high values  of KI, KII and KIII shown i n  Fig. 12. Owing to  the  

vanishingly small A3, the value of G3 is found to  be n e g l i g i b l e  i o  comparison 

v i t h  c'1 and G2 (Fig.  13). 

de laa i3a t ion  crack (i.e., d h  + 0),  i n t e r a c t i o n s  occur betweeo t h e  

delamination crack t i p  and t h e  laminate edge, lead ing  t o  a s l i g h t l y  h igher  

value of KLXI as shown i n  Fig. 12. 

We reinark t h e t  I n  t he  l i m i t i n g  cas of a very small 

A s a l i e n t  f e a t u r e  shown i n  Figs. 4, 5 and 12, 13 is t h e t  t h e  stress 

i n t e n s i t y  f a c t o r s  

crack length  a/h o r  c /b  as the  delamination extends beyond a few p ly  

thicknesses .  This unique f e a t u r e  has heen observed and used i n  t h e  

experimental  s tudy of in te r laminar  f r a c t u r e  toughness of composite laminates  

and energy release rates G i  become independent of the 
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[16,17]. Provided that the 

methods such as the present one, the s t res s  intens i ty  factors and energy 

release rates associated with observed edge delamination i n i t i a t i o n  and growth 

may be useful for characterizing delamination fracture and interlaminar crack 

resistance of composite l a d n a t e s .  

and G i  are accurately determined by appropriate 



General express ions  of stress and deformation f i e l d s  i n  a f i b e r  composite 

laminate with delaminations have been obtained from presen t ly  developed 

an i so t rop ic  laminate  e l a s t i c t t y  theory and basic concepts of i n t e r l a d n a r  

f r a c t u r e  mechanics. Frac ture  mechanics parameters such as stress i n t e n s i t y  

f a c t o r s  and energy release rates f o r  delaminations with d i f f e r e n t  crack-tfp 

deformation conf igura t ions  are def ined i n  a manner cons i s t en t  with those f o r  a 

homogeneous crack and f o r  the. re f ined  model of an i n t e r f a c e  crack between 

d i s s i m i l a r  i s o t r o p i c  s o l i d s  [7,81. In  f in i te -d imeas iona l  composite laminates  

with complex laminat ion and geometric va r i ab le s ,  an  advanced numerical method 

employing s p e c i a l  s ingu la r  crack-t ip  f i n i t e  elements is developed f o r  modeling 

the  delamination. 

laminate  e l a s t i c i t y  s o l u t i o n  are included i n  the  crack-t ip  element 

formulation. 

the  v a l i d i t y  of the  r e s u l t s  and to demonstrate t he  e f f i c i e n c y  and 

e f f ec t iveness  of the  method. To i l l u s t r a t e  the  fundamental na ture  of 

composite delaminat ion,  numerical r e s u l t s  are shown f o r  t he  [9/-0/-0/0] and 

[(*~)/(*8)/90"/90" Is graphite-epoxy lamtnate systems conta in ing  edge 

delaminations under uniform a x i a l  extension. Frac ture  mechanics parameters 

and f a i l u r e  modes a s soc ia t ed  with the  composite delaminst ion are determined 

f o r  each case. The b a s i c  mechanics and mechanisms of delamination are s tud ied  

f o r  the composites with d i f  f e ren t  laminat ion and geometric v a r i a b l e s  and crack  

parameters. Based on the  r e s u l t s  obtained,  &he following conclusions may be 

reached : 

Exact delamination stress s i n g u l a r i t i e s  obtained from t h e  

Solu t ion  convergence and accuracy have been s tud ied  to ensure 

- 
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(1) To study the  fundamental mechanics of delaminat ion i n  a composite 

laminate having a large number of p l i e s  with d i f f e r e n t  f i b e r  o r i e n t a t i o n s ,  

advanced numerical methods such as the  present  one are e s s e n t i a l  t o  take i n t o  

account t he  crack-t ip  s i n g u l a r i t y  and the  l a rge  number of laminat ion,  

material, and geometric va r i ab le s  involved. 

(2)  In the  crack-t ip  element formulat ion,  t h e  inc lus ion  of delamination 

stress s i n g u l a r i t i e s  determined from the laminate  e l a s t i c i t y  s o l u t i o n  by us ing  

an eigenfunct ion expansion method leads  to  very accu ra t e  s o l u t i o n s  with a 

rapid rate of convergence. This is p a r t i c u l a r l y  advantageous f o r  s tudying  

delamination problems i n  composite laminates  with complex laminat ion,  

geometric , and material v a r i a b l e s  . 
(3) Since the  s ingu la r  e igenvalues  and t h e i r  a lgeb ra i c  m u l t i p l i c i t y  are 

d i f f e r e n t  f o r  d i f f e r e n t  crack t i p  deformation conf igura t ions ,  t he  c rack  

element formulat ion and so lu t ion  s t r a t e g y  f o r  each delamination problem need 

t o  be t r e a t e d  on an ind iv idua l  basis .  S t r e s s  i n t e n s i t y  s o l u t i o n s  and energy 

release rates i n  each case should be evaluated i n  accordance with t h e  

appropr ia te  delamination models given i n  Sect ion 2. 

(4) The state of stress and deformation i n  the  v i c i n i t y  of a delamination 

crack t i p  are th ree  dimensional i n  general .  The asymptotic s o l u t i o n s  can not 

be determined accu ra t e ly  by using classical lamination theory nor by any 

approximate methods without including in t e r l amina t  stresses and the  c o r r e c t  

stress s i n g u l a r i t l e s  assoc ia ted  with the  delamination. The cu r ren t  laminate 

e1as:icity s o l u t i o n  and assoc ia ted  numerical method provide accu ra t e  

information OR the  s ingu la r  na ture  of the  crack t i p  and complete f i e l d  

so lu t ions  f o r  the  delamination problem. 
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( 5 )  The s ingu la r  delamination stress f i e l d  may be charac te r ized  by t h e  

Crack-tip p re sen t ly  introduced in te r laminar  f r a c t u r e  mechanics parameters. 

stress i n t e n s i t y  f a c t o r s  $ and energy release rates G i  can be determined only 

by so lv ing  the  complete boundary-value problem. 

eigenvalues which depend only on l o c a l  boundary condi t ions  and material 

p rope r t i e s  of adjacent  p l i e s ,  the  Q and $ are funct ions  of a l l  lamination 

and geometric parameters, remote loading condi t ions  , and crack var iab les .  

(6 )  Owing t o  the l o c a l  nature  of in te r laminar  f r a c t u r e ,  t he  mechanics and 

In con t r a s t  t o  the s i n g u l a r  

mechanisms of delamination growth are governed by the  crack-t ip  stress 

i n t e n s i t y  f ac to r s .  In angle-ply [e/-8/-0/9] graphite-epoxy, crack-t ip  c losure  

occurs and, thus ,  KI < 0; delamination growth may be, t he re fo re ,  more 

in t ima te ly  r e l a t e d  t o  in te r laminar  shear  stresses and i n t e r f a c e  shear  s t r eng th  

than the t ransverse  normal stress. 

graphite-epoxy, crack sur faces  are open and delaminatfon growth is con t ro l l ed  

by a l l  of the three-dimensional, mixed-mode stress i n t e n s i t y  f a c t o r s ,  KI, KII, 

and K I ~ I .  

I n  the cases of [ ( M 3 ) / ( * 6 ) / 9 O o / ~ J S  

( 7 )  While the  $ govern l o c a l  deformation and delamination f r a c t u r e ,  the 

GI are r e l a t e d  t o  the g loba l  s t r u c t u r a l  response and less s e n s i t i v e  t o  t h e  

l o c a l  deformation and fracture. For example, the  t o t a l  G and G3 d i f f e r  only 

s l i g h t l y  between the  cases  of a delamination with a closed and an open crack 

t i p  i n  the  [9 / - .e / -e /O]  graphite-epoxy composite. 

s e n s i t i v e  measure and, thus ,  bec te r  f r a c t u r e  parameters than GI fo r  eva lua t ing  

the  composite delamination growth. 

Thus, % may provide a more 

(8) Inf luences of lamination va r i ab le s  such as f i b e r  o r i e n t a t i o n  and ply 

thickness  on the  delamination behavior are s i g n i f i c a n t  . 
o r i e n t a t i o n  genera l ly  a l t e r s  f a i l u r e  modes appreciably.  For i n s t ance ,  i n  

[ (~O)/(te)/90°/900], graphite-epoxy, the opening-mode (KI)  dominated 

Changing f i b e r  

- 



31 

delaminat Ion f r a c t u r e  changes i n t o  a shearing-mode ( KII) con t ro l l ed  f a l l u r e  , 
as the 8 becomes greater than 40'. 

[ 8/-8/-0/8) graphi te-epoq-  a f f e c t s  t he  f a i l u r e  mode from a shearlng-dominated, 

open delamination f r a c t u r e  t o  a closed one. 

Also, Increas ing  p ly  thickness  hl/W i n  

(9) St re s s  I n t e n s i t y  so lu t ions  and energy release rates appear t o  be 

independent of crack length  during the  growth of an edge delamination, as long 

as the crack exceeds a length  of f e w  ply th icknesses  [3,19]. This unique 

f e a t u r e  in composite edgedelaminat ion  is being used f o r  eva lua t ing  of 

in te r laminar  f r a c t u r e  toughness of f i b e r  composlte laminates [ 16,171 , provided 

t h a t  the % and GI can be ca lcu la ted  accu ra t e ly  by using advanced a n a l y t i c a l  

methods such as the  present  one. 
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TABLE 1 

Delamination Stress Intensity Factors B i t  Associated with 
Finite-Element Mesh Refinement in [45F/-450/-450/4501 Graphite-Epoxy 

No. of Element S i z e  * 
Elements ( W h )  KI I KIII 

72 0.25 -0.6458E-1 0.3424E-2 -0.7114E 0 

84 0.125 -0.6219E-1 0.2463E-2 -0.6967E 0 

96 0.0625 -0.6141E-1 0.1796E-2 -0.6894E 3 

108 0.03125 -0.6152E-1 0.1401E-2 -0.68553 0 

'Ki are normalized by 1O6c0 ( p s i - G ) .  
* 
Closed crack t i p  with c / a  = 0.34. 
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TABLE 2 

Delamination Eqergy Release Rates Gi' Associated with 
Finite-Element Mesh Refinement i n  [ 45' /-4S0/-45'/45* ] Graphite-Epoxy 

No. of Element S i z e  * 
Elements ( W h )  G1 2 G3 G 

72 0 .25  0. 0.6855E-6 0.1533E 0 

P4 0.125 0. 0.5528E-6 0.1519E 0 

96 0.0625 0 .  0.4619E-6 0.1512E 0 

108 0.03125 0 .  0.3943E-6 0.1508E 0 

Gj are normalized by 106c2 ( l b - i n / i n 2 ) .  

Closed crack t i p  with c / a  = 0 . 3 4  

t 
0 * 
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TABLE 3 

Influence of Fiber Orientation on Crack-Tip Closure Length 
for a Delamination in [ e/-e/-e/0] Graphite-Epoxy Compositet 

* 

O 0  

15 O 

30" 

4 5 O  

60" 

0 .0  

0.2292 

0.2834 

0.3402 

0.3603 

'hl = h = 0.25 i n . ,  b 5 2 in.; 
a = 0.$5 i n .  

a t  s tra in  E = 10-6 
* 

0 
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TABLE 4 

ions on S Ir tens i ty  Solueion 
for  Delamination i n  [0/-8/-0/0) Graphite-Epoxy Cornposlte 

0 KI KII KIII 

0" 0. 0. 0. 

15 O -0.3782 '-1 0.3866E-2 -0.2379E 1 

30 O -0.1072E 0 0.8744E-2 -0.3943E 1 

'; 5 O -0.6152E 0 0.1401E-2 -0.685SE 0 

60 O -0.8599E-2 0.2034E-3 -0.92 70E-1 

- 

'hl = hZ = 0.25 i n . ,  b = 2.0 in.; a = 0.25  in. 
* 
Ki are scaled by 1o6E0 [ps i -&] .  
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TABLE 5 
* 
t Effects  of Fiber  Orientation on Strain Energy Release Rates 

for  a Delamination in [ 6/-9/-6/0] Graphite-Epoxy Composite 

e Gltt G2 G3 

0" 0 .  0 .o 0 .o 

15 O 0 .  0.6059E-5 0.2111E 1 

30 O 0 .  0.27485-4 0 . 1 0 7 4 ~  1 

45 O 0. 0.3943E-6 0.1508E 0 

60 O 0. 0.1425E-7 0.359 7E-2 

thl = h2 = 0.25 i n . ,  b = 2 in.; LZ = 0.25 in.  

* 
Gi are scaled by (1066:) !ib-in/fn2]. 

ttG is ident ica l ly  zero due to  crack-tip closure. 1 
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9. LIST OF FIGUBE CAPTIONS 

Pig. 1 (a) Six-Node Quasi Three-Dimensional Crack-Tip Element with Singular  
Der iva t ives  ; (b) Eight-Node Quasi Three-Mmensional (nonsingular)  
Isoparametric Slement. 

Pig. 2 Arrangement of Special  Crack-Tip Elements f o r  the  Composite 
Delamination Problem. 

Fig. 3 Overall and b c a l  Crack-Tip Pinice-Eleeent Mesh Arrangeroents f o r  
Modeling Delamination i n  [ 45°/-450/-450/450 1 Graphite-Epoxy 
Compos1 te . 

Fig. 4 Comparison of S t r e s s  I n t e n s i t y  Solu t ions  Obtained by Two Differen t  
Hodels/Approaches f o r  Delamination in (45°/-450/-650/450 
Epoxy Subjected t o  Uniform M a l  S t r a i n  c2 = c0 

Graphite- 

(h i  = h2 = h 0.25 in., b /h  f 8 In., a = 0.25 iQ.). 

Fig. 5 Comparison of Energy Release Rates Deterrained by lbo Differen t  
Hodels/Approaches f o r  Delamination i n  [ 45°/-450/-45a/4501 Graphite- 
Epoxy Subjected t o  Uniform Axial S t r a i n  c = E 
(h l  = h2 = h = 0.25 in., b/h = 8 ,  Q = 0.24 in.?. 

Pig. 6 Varia t ion  of S t r e s s  I n t e n s i t y  F a o r s  $ with F ibe r  Or ien ta t ion  0 for 
Delamination i n  [ (M)/(+9)/90°/900]s Graphite-Epoxy under bniform 
Axial S t r a i n  E= = go ( h l  = h2 = ... - h l l  = 0.0054 in., 
b = 0.75 in., a = 0.5b). 

Fig. 7 Variat ion of StraLn Energy Release &es Gi wi th Fiber  OrientatLccs 8 
f o r  Delamination i n  [(M)/(453)/90°/900]s Graphite-Epoxy under Uniform 
Axial S t r a i n  E= = c0 ( h l  = h2 = ... = h l l  = 0.0054 in . ,  b = 0.75 in., 
a = 0.5b). 

Fig. 8 Inf luence of Ply Thickness hl/W on S t r e s s  In t ens i ty  Factors  f o r  
De laminat ion i n  ! 45 O /-4S0 / -45 O / 45 O ] Graphi te-Epoxy Subjected t o  
Uniform Axial S t r a i n  c 2  = c0 (h l  + h2 = W = 0.5 in., 2b/W = 8, 
a = 0.25 in.). 

Fig. 9 Inf luence of Ply Thickness hl/W on Energy Release Rates $ f o r  
De ladna t ion  i n  [ 45°/-450/-450/450] Graphite-Epoxy Subjected t o  
Uniform Axial S t r a i n ,  c2 = c0 ( h l  + h2 = W = 0.5 in., 2b/W = 8, 
a = 0.25 in.). 

Pig. 10 Crack-Tip Closure iangth  as a Function of Ply Thickness hl/W for 
Delamination in  [45°/-450/-450/4501 Graphite-Epoxy Subjected t o  
Uniform Axial S t r a i n  c Z  = c0 (h l  + h2 = W = 0.5 in. ,  2b/W = 8 ,  
a = 0.25 in.). 

Fig. 11 Crsck-Tip Closure Length c/h as a Function of Delamination Size a / h  
i n  145°/-450/-450/450] Graphite-Epoxy Subjected t o  Uniform Axial 
S t r a i n  c Z  = co ( h l  = h2 * h 5 0.25 in . ,  b/h = 8 ,  Q * 0.25 in.). 
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Pig. 12 Change of Stress Intensity - Solutions $ with Delamination Length a!b 
in [ (~30° ) / ( *300 ) /900 /9001s  Graphite-Epoxy Subjected to Uniform Axial 
Strain 

Fig. 13 Change of Strain Ener Release Rates G i  with Delaeination Length a / b  
i n  ~ ( t 3 0 ' ) / ( t 3 0 ' ~ / 9 0 " ~ 1 ~  Graphite-Epoxy Subjected to Uniform Axial 
Strain 

= eo (hl = h2 = ... - h l l  * 0.0054 in., b = 0.75 in.). 

* to (hi  = h2 = ... = h l l  = 0.0054 in., b = 0.75 in.). 
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P =o 

(a) 

7 

Fig. 1 (a) Six-Node Quasi Three-Dimensional Crack-Tip Element with 
Singular Perlvatives; (b) Eight-Node Quasi Three-Dimensional 
(nonsingular) Ieoparametric Element. 
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[ 45O/= 45O/-45O/45O] Graphite-Epoxy 

0.2 

0. I 

0.0 

-0.1 

-0.2 

W 

1.0 - 1.0 
I 1 

h , / W  

Fig. 8 Influence of Ply Thickness hl/W on Stress Intensity Factors for 
De1aminatjo.i In [ 45° / -450 / -450 /4501  Graphite-Epoxy Subjected to 
Uniform Axial Strain eZ 0 E~ ( h l  + h2 = W = 0.5 in., 2b/W = 8, a = 
0.25 i n . ) .  
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[ 45°/-450/-450/450] Graphite-Epoxy 

0.0 0.2 0.4 0.6 0.8 1.0 
h, /W 

Fig. 9 Influence of Ply Thickness hl."W on Energy Release Rates GI for 
Delamination in  [ 4 5 ° / - 4 5 0 / - 4 5 0 / 4 5 0 ]  Graphite-Epoxy Subjected to 
Uniform Axial Strain, E~ - 
0.25 i n . ) .  

(hl  + h2 = W = 0.5 In., 2b/W = 8 , a  = 
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[45O/- 45?-45’/45O] Graphite-Epoxy 

0.0 0.2 0.4 0.6 0.8 
h,/W 

I .o 

Fig. 10 Crack-Tip Closure Length as a Function of Ply Thicknese hl/W for 
Delamination in [ 4 5 ° / - 4 5 0 / - 4 5 0 / 4 5 0 ]  Graphite-Epoxy Subiected to 
Unifmm Axial Strain cZ = 
0.25 in.). 

( h l  + h2 = - W  = 0.5 in., 26/W = 8, a -  
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Corresponding t o  a s ingu la r  e igenvalue 6, t he  shape func t ions  N i n  local 
-6 

t r i a n g u l a r  polar coord ina tes  (P,S) f o r  the six-node conforming crack- t ip  

element in t he  delamination problem are shown [4] t o  have the  following 
expressions:  

Ni( 12+i) = 4pS+l5( 1 - 0 ,  (Al-5) 

where the  s ingu la r  e igenvalues  6's are determined i n  accordance with the  local 

crack-surface boundary condi t ions discussed i n  Sect ion 2.1, and t h e  p and 5 

are r e l a t e d  t o  the  g loba l  coordinates  by 

(x2-xl) t a n  0 -(y2-y1) 
5 - (  y3 -y2 )  -(x -x ) t an  0' 3 2  

P = r/f(S), 

i n  which 

(Al-7) 

(Al-8) 
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dpPgllDIx 2 

Iteration schere for partially Closed kladnation 

For a delamination with crack su r faces  i n  f in i t e - l eng th  con tac t ,  t h e  

fol lowing i t e r a t i o - .  scheme is used f o r  d e t e d n f n g  contac t  stress and crack 

c losure  length:  

(i) Assume an  I n i t i a l  contac t  length  cl ,  and so lve  Eq. 21 with  t h e  s i d e  

condi t ions  Eqs. 23(a) and 23(b) f o r  con tac t  s:ress and displacement. 

(il) Check the  s o l u t i o n  aga lns t  p rese t  c r i t e r i o n  rlf. If t h e  compressive 

stress F1 = a2(-cl,m) g ives  a nl 101 

proper ly  s e l e c t e d  s e a l i n g  f a c t o r ,  for example, Po is set as 10 

( p s i ) ,  i n  t he  present  ca lcu la t ion . ]  

I(F1-Fo)/Fo(, and Po is a 
6 

Eo 

such that nl < of and i f  t h e  

displacement f i e l d  is admissible  (i.e., no overlapping or 

In t e rpene t r a t ion  beyond t h e  contac t  reg ion) ,  we set. t h e  crack c l o s u r e  

l eng th  c = c1 and t e r d n a t e  the  i t e r a t i o n .  

(lii) If the t w o  c o n s t r a i n t  condi t ions  are not  m e t ,  a new con tac t  length  c 2  > 
cl is assumed and the  prwedure  of (I)  and (li) is repeated f o r  F2 and 

u2- 

( i v )  If Fi < 0 (I = 1,2) and 1021 > l o l l  > Of, t h e  next assumed l eng th  c3 

should be c3 < c1, and repea t  ( i i i )  and ( l v ) .  

(v) I f  e i t h e r  F i  < 0 and 1011 > 1021 > of or P1F2 < 0 and l r l i l  > E f ,  t he  

next assumed contac t  length  is set as 

= c 2  + F 2 ( c 2 - c 1 ) / ( F p p  (A2-1) 

The i t e r a t i o n  from ( i ) - ( l i l )  cont inues u n t i l  s u f f i c i e n t  accuracy i s  

reached. 
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( v i )  A s  the constraint conditions are s a t i s f i e d  and the difference between 

assumed contact lengths Is 1%+1-%1 < cc, the i terat ion Is terminated 

with c 42 Ia+i%I- 


